We report strong chiral coupling between magnons and photons in microwave waveguides that contain chains of small magnets on special lines. Large magnon accumulations at one edge of the chain emerge when exciting the magnets by a phased antenna array. This mechanism holds the promise of new functionalities in non-linear and quantum magnonics.
Introduction.-The direct dipolar and exchange interactions between electron spins in condensed matter create a rich variety of magnetic order [1] . The RudermanKittel-Kasuya-Yosida [2] interaction is mediated by the non-local exchange of mobile electrons. Magnons, the elementary excitation of the magnetic order, generate the coupling between nuclear spins [3, 4] . The range of these indirect interactions is limited by the coherence length of the mediator that may be strongly affected by disorder. Photons interact only weakly with condensed matter but have long coherence lengths [5] , causing interesting and potentially applicable effects on the magnetic order.
The strong exchange interaction of spins in ferromagnets generates a large magnetic dipole that couples strongly with photons in high-quality microwave cavities to create a hybridized quasiparticle-the cavity-magnon polariton [6] [7] [8] [9] . Combining the best features of highspeed photons and long-lived magnons in low-loss materials such as yttrium iron garnet (YIG), cavity-magnon polaritons are attractive information carriers for quantum communication [6] [7] [8] [9] [10] [11] [12] . Mediated by the cavity photons with long coherence time, two magnets can be coupled coherently and tunably over macroscopic distances to create dark and bright states [10] [11] [12] . The counterpart of coherent coupling-dissipative coupling-between two local spins is described by non-Hermitian Hamiltonians [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] , and leads to novel physics such as topological phases [18] [19] [20] [21] [22] [23] with a non-Hermitian skin effect [18, 19] , super-and sub-radiance [26] [27] [28] [29] [30] [31] , as well as critical behavior beyond the standard paradigms [32] [33] [34] , but has not yet been explored in magnetic systems.
In this Letter, we address the new functionalities that arise when magnetic particles couple with microwave modes that propagate only in one direction (chiral coupling). The excited state of a magnet on a line then affects only the magnets on one side without backaction. Below, we demonstrate that such chirality can be realized by special positions in a waveguide at which the precession direction of the photon magnetic field is locked to its wave vector [35] [36] [37] [38] [39] [40] . We address the consequences of this chirality in a microwave waveguide as shown in Fig. 1 , which is loaded with a chain of magnets close to a special line that can individually be addressed by local (coil) antennas [10] . The antenna array allows controlled excitation and detection of individual magnets as well as collective modes that is not possible by a global waveguide input and output. We predict that a chiral magnonphoton coupling in such an array leads to magnon edge states on one side of the chain. A large magnon amplitude can be generated by relatively weak excitation power, so our scheme is an alternative to parametric pumping [41, 42] . We envision that similar effects occur when a chiral interaction between magnets is mediated by other quasiparticles such as other magnons [43, 44] , conduction electron spins [45] and phonons [46, 47] . This Letter is accompanied by a longer manuscript [48] that exposes the basic theory and focusses on the microwave scattering through a waveguide by more configurations including one, two, and many magnets.
Formalism.-We consider a waveguide along theẑ-direction with a rectangular cross section and model it by Maxwell's equations with metallic boundary conditions. Even though the predicted effects obey classical physics, we use a quantum formalism for technical convenience as well as future research into quantum effects. HamiltonianĤ em +Ĥ m +Ĥ int is of the Fano-Anderson type [49] [50] [51] . The photons form a set of harmonic oscillators:
wherep k annihilates a photon with frequency Ω k and momentum k of the lowest transverse TE 10 mode that is polarized along and uniformly distributed over thê y-direction and with standing wavelength 2a in thexdirection (see Fig. 1 with a > b) . 2 and from now on {m, n} = {1, 0}. The waveguide is loaded with N identical YIG spheres with gyromagnetic ratio −γ, saturation magnetization M s , and volume V s at r j = (ρ ρ ρ, (j − 1)d) with j ∈ {1, 2, · · · , N }, where ρ ρ ρ = (x, y) and d is the (equidistant) spacing between the spheres. The sub-mm spheres are much smaller than the photon wavelength of O (cm), so they can be treated as point particles. The static magnetic field H y in theŷ-direction in Fig. 1 is sufficiently strong to saturate the magnetization. The waveguide photons couple to the anti-clockwise uniform magnetization precession around the magnetic field (Kittel mode). In second quantization
where M j,δ is the δ-th component of the magnetization amplitude in the j-th magnet andm j is a bosonic annihilation operator. The dynamics is governed by the linearized Landau-Lifshitz equation (damping to be included below), which after substituting Eq. (2) reduces to a harmonic oscillator for each magnet
where ω m = µ 0 γH y is the Larmor precession frequency and µ 0 is the vacuum permeability. The photons and magnons are coupled by the Zeeman interaction
The coupling constant
with H k,− = H k,z −iH k,x being the microwave transverse magnetic field.
The magnons interact resonantly with photons with wave numbers near k 0 = ω 2 m /c 2 − π 2 /a 2 . The magnetic field of TE-photons is polarization-momentum locked, i.e. H k,− depends on the sign of k [35] [36] [37] [38] [39] [40] . A magnet, e.g., kept at a position where H −k0,− is zero but H k0,− is finite, can radiate only into the +ẑ-direction. For the TE 10 mode this occurs for arbitrary y and cot (πx/a) = − k 0 aπ.
The effective coupling between spheres can be modelled by integrating out the photon fields (for details see Ref. [48] ) in terms of the equation of motion for the vector of magnetizationsM = (m 1 , . . . ,m N )
α G is the Gilbert damping constant andT =T w +T l is the external torque by the wave guide photonŝ
and the local antennasT l = (
T is the thermal noise in the magnetic system. We modeln j as white noise sources satisfying n j = n jni =j = 0, n †
is the thermal occupation of magnons at (constant) bath temperatures T > ω m /k B [52, 53] .
In the non-Hermitian matrixH eff =ω + Σ,ω jl ≡ ω m δ jl = ω m (1 − iα G ) δ jl , and the photon-mediated selfenergy
where
2 /ω m is the photon group velocity. The selfenergy contributes to the dissipative and long-range coupling between any two magnets. The chiral coupling appears when Γ L = Γ R . The direct coupling between any two magnets does not depend on distance because we may safely disregard retardation and assume sufficiently high quality of the waveguide and magnets.
Hamiltonian.-The HamiltonianH eff is nonHermitian, but can be diagonalized by introducing left and right eigenvectors [23] . The right eigenvectors of Σ, say {ψ ζ } with corresponding eigenvalues {γ ζ }, satisfy (γ ζ − Σ) ψ ζ = 0 for a delocalized mode with label ζ ∈ {1, . . . , N }. Here Re [γ ζ ] is the resonance frequency and Im [γ ζ ] the reciprocal lifetime. {φ ζ } = {ψ ζ } are the eigenvectors of Σ † with eigenvalues {γ * ζ }. In the absence of degeneracies in {γ ζ } the (normalized) modes are "bi-orthonormal", i.e. φ † ζ ψ ζ = δ ζζ [26] . With Σ † = PΣ * P where P ij = δ i+j,N inverts the order of magnets 1 ↔ N , 2 ↔ N − 1, · · · , we arrive at φ ζ = Pψ * ζ [48] . 
The sum of the eigenvalues ν + +ν − = −iN (Γ L +Γ R )/2 is the total radiative decay rate, which scales with the number of magnets. These two states are called "superradiant" or "bright", while the remaining (N − 2) states are "subradiant" or "dark" with initially infinite radiative lifetime. The coherent coupling byH h mixes all states, but subradiant states with enhanced lifetimes persist, as we show below by a combined analytic and numerical treatment (see also Ref. [48] ). The ansatz of extended Bloch statesΨ κ leads to the closed expression for the homogeneous Schrödinger equation [27] 
in which
In an infinite chain (or a closed ring)Ψ κ would be a solution. The boundary conditions of the finite system can be fulfilled by the superposition of two states with momenta κ and κ at the same frequency ω κ = ω κ . The additional terms appearing in Eq. (11) are cancelled by enforcing
leading to eigenstatesα ζ = j φ * ζ,jm j ∝ (g κΨκ − g κ Ψ κ ). The wave functions and spectra then read
Only when the system is inversion symmetric (Γ L = Γ R ), the solutions reduce to standing waves with Re κ = − Re κ. ω κ diverges at κ = ±k 0 . On the other hand, the radiative damping ∼ Imω κ is minimized for say κ = κ * . Neither κ = ±k 0 nor κ * solve Eq. (13), but these states reflect the "superradiance" and "subradiance" well-known in quantum optics [26] [27] [28] [29] [30] [31] . The former corresponds to the edge states ofH eff with enhanced magnon amplitudes and damping, while the latter are weakly coupled delocalized standing waves, as demonstrated in the following.
The wave numbers κ * of the extremal points Imω κ * obey
arcsin x is a two-valued function in the first Brillouin zone [−π/d, π/d] and we have two extremal points. The two solutions close to each extremum κ ± = κ * ± δ label degenerate states that solve g κ+ h κ− = g κ− h κ+ . For small δ,
where ζ ∈ N. With Eq. (14), the wave function and dispersion of these subradiant states read
where δ ζ ∝ ζ/(N d). These solutions are nearly standing waves with long radiative lifetimes and are only weakly affected by chirality. We have to numerically calculate the solutions for κ close to ±k 0 , i.e. κ = k 0 + η and κ = −k 0 + η in which η and η are small complex numbers. Im η and Im η govern the decay of the states at the two edges. With chirality, only one of them is important, which causes a concentration at one edge of the chain.
As an example, we consider a rectangular waveguide with dimensions a = 1.6 cm and b = 0.6 cm, and 20 YIG magnetic spheres with radius r c = 0.6 mm and α G = 5 × 10 −5 [51] . ω m /(2π) = √ 3c/ (2a) = 16.2 GHz is tuned to correspond to the photon momentum k 0 = √ 2π/a of the lowest TE 10 mode. By varying the position and size of the magnets we may tune the magnon-photon interaction Eq. (9)
The predicted features do not depend strongly on the chain lengths and are still prominent for a small number of spheres [48] .
Magnon accumulation.- Figure 2 is a plot of the energy spectra and magnon accumulation (squared wave functions). Fig. 2(a) shows that the real and imaginary components of the eigen-energy γ ζ , scaled by Γ a = (Γ L + Γ R )/2, are approximately distributed on an ellipse in the complex plane that depends only weakly on the chirality. The solutions with long lifetimes are clustered around the frequencies ω κ * . It is negative in Fig. 2(a) but depends strongly on k 0 . Modes with Imγ > Γ a (< Γ a ) are super-radiant (subradiant) with radiative lifetime shorter (longer) than that of an isolated magnet. The decay rates of all eigenstates are sorted and plotted with integer labels ζ ∈ {1, 2, · · · , 20} in Fig. 2(b) . Here, the typical radiative lifetime of the most superradiant state (ζ = 20) is 20 ∼ 70 MHz for the three chiralities. The magnon accumulation |ψ ζ,j | 2 of the most shortlived state (ζ = 20 in Fig. 2(b) ) is plotted in Fig. 2(c) . When Γ R = Γ L , the state is symmetrically localized close to both edges (red solid curve), but with increasing chirality, the distribution becomes asymmetrically skewed to one boundary. When Γ R < Γ L (Γ R > Γ L ), the boundary state is localized at the left (right) boundary of the chain. The enhanced dynamics associated to large magnon numbers causes superradiance. The most subradiant states, on the other hand, have magnon accumulations ∼ |sin (ζπj/N )| 2 , with small amplitudes at the two boundaries, as shown in Fig. 2(d) , and are only weakly affected by chirality. A weak higher harmonic reflects the bare photon wave length ∼ 2π/k 0 .
We can now expand the magnetizationM(t) = N ζ=1α ζ (t)ψ ζ into the above eigenstates with coefficientŝ α ζ (t) = φ † ζM (t). For the local input vector at common frequency ω in , T l (t) = ie −iωint (P 1 , P 2 , · · · , P N ) and waveguide photon feed T w = 0 (we discuss the case with T w = 0 and T l = 0 in Ref. [48] ), the coherent magnetization amplitude
We are looking for a large magnon accumulation at one edge of the chain due to the chirality. Since (Pψ ζ ) T = (ψ ζ,N , ψ ζ,N −1 , · · · , ψ 1 ) oscillates between spheres with fixed phase, the vector product (Pψ ζ ) T T l (t) can be large for a localized edge state ζ * on the right when the input from the local antennas matches its phase and frequency. To match the phases of the edge states, we consider local power injection of the form T l (t) =
, in which the optimal phase depends on the number of magnets but φ → k 0 d for sufficiently long chains. Figure 3 (a) shows that switching on the local antennas for Γ L /Γ R = 0.1 and phase φ optimally chosen to be ∼ 0.44π leads to an enhanced accumulation on the right side. This choice of φ is out of phase with the subradiant states that are therefore hardly excited (see the blue curve in Fig. 3(a) ). Fig. 3(b) is the accumulation on the right-most sphere as a function of chirality, which is enhanced more than 100-fold by tuning the chirality Γ L /Γ R → 0. In this limit the frequencies become degenerate, but individual modes can still be accessed by the phased array. Conclusions.-In conclusion, the interaction between magnons and photons can be chiral and tunable by strategically positioning small magnets in a waveguide. We predict a strong imbalance of magnon populations in a chain of magnets in which the dissipative and longrange nature of the coupling can strongly enhance the magnon intensity at the edges. The coherent amplitudes of magnons at one edge of the sample can be much higher than those excited by conventional ferromagnetic resonance. This allows studying non-linear effects at low input power. On the other hand, the magnon number of the magnets in the center of the chain are only weakly affected.
Our formalism can be extended into the quantum regime of magnons, in which we can profit from the insights of the field of quantum optics, which studies collective coupling with atomic emitters [26] [27] [28] [29] [30] . The strong coupling between magnons and photons in a microwave waveguide [51] opens the new perspective of magnonic quantum emitters [54] , which might help circumventing the harsh experimental environment such as extremely low temperature and fine control required for cold atom system. We also find analogies with chiral optics, in which the coupling between light and emitters depends on the propagation of light and polarization of the local emitters [36] . The chiral coupling between emitters is promising in achieving quantum state transfer between qubits via the magnonic chiral quantum channel introduced here. 
